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YRMS2

YRMS2: Phase Field Modeling in Mechanics and Applied Mathe-
matics

The coupling of phase field equations to solid or fluid mechanics offers a wide range of possibilities in the modeling
of e.g. ferroelectric solids. The mechanically inclined talks focus on the modeling and numerical simulation of
phase field models for piezoelectric and ferroelectric materials. Theoretical aspects like the well-posedness of
the coupled PDEs of phase field models, stability issues, and conservation properties of the numerical schemes
are addressed in the mathematically inclined contributions.
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On numerical schemes for phase-field models for electrowetting with
electrolyte solutions

Stefan Metzger
Friedrich-Alexander-Universität Erlangen-Nürnberg

We present an energy-stable, decoupled discrete scheme for a recent model (see [1]) supposed to describe
electrokinetic phenomena in two-phase flow with general mass densities. This model couples momentum and
Cahn–Hilliard type phase-field equations with Nernst–Planck equations for ion density evolution and an elliptic
transmission problem for the electrostatic potential.
The transport velocities in our scheme are based on the old velocity field updated via a discrete time integration
of the force densities. This allows to split the equations into three blocks which can be treated sequentially: The
phase-field equation, the equations for ion transport and electrostatic potential, and the Navier–Stokes type
equations. By establishing a discrete counterpart of the continuous energy estimate, we are able to prove the
existence of discrete solutions. Finally, we shall present numerical simulations of lab-on-a-chip applications to
underline the full practicality of this approach.

References
[1] E. Campillo-Funolet, G. Grün, F. Klingbeil. On Modeling and Simulation of Electrokinetic Phenomena in

Two-Phase Flow with General Mass Densities. SIAM Journal on Applied Mathematics, Society for Industrial
and Applied Mathematics 72 (2012), 1899–1925.
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On elastic Cahn-Hilliard systems coupled with evolution inclusions
for damage processes

Christian Heinemann, Christiane Kraus
Weierstrass Institute

In elastically stressed alloys different physical processes such as separation of chemical substances and propa-
gation of micro-cracks/micro-voids are shaping the micro-structure simultaneously. These processes are usually
modeled independently by adapting phase-field approaches in context of Cahn-Hilliard systems and gradient-
of-damage models. However, especially in modern materials, the interaction of damage and phase separation
cannot be neglected for a realistic description. For instance, as indicated by experiments and numerical simu-
lations, the long-term behavior of solder joints significantly depends on the interplay of both processes.

The aim of this talk is to present a system of partial differential equations coupling two phase field models in
order to describe damage phenomena and phase separation in elastic media in one unifying model. The system
reads as

ct = div(m(c, z)∇µ),

µ = −∆c+ Ψ′(c)−C(c, z)(ε(u)− ε∗(c)) : (ε∗)′(c)

+ 1
2C,c(c, z)(ε(u)− ε∗(c)) : (ε(u)− ε∗(c)),

λutt − div
(
C(c, z)(ε(u)− ε∗(c))

)
= `,

zt − div
(
|∇z|p−2∇z

)
+ f ′(z) + ξ + ϕ

+ 1
2C,z(c, z)(ε(u)− ε∗(c)) : (ε(u)− ε∗(c)) = 0,

ξ ∈ ∂I(−∞,0](zt),

ϕ ∈ ∂I[0,1](z).





(1)

The order parameter z modeling the damage process is not only constrained to the unit interval but also has
to obey an irreversibility condition. Because of this highly nonsmooth evolution, the possible nonsmoothness
of the underlying domain and the mixed boundary condition for the elastic deformation field, a new notion of
weak solutions had to be devised.

To this end, a notion which reformulates the double inclusion for these kind of systems by a variational
approach in combination with a total energy-dissipation inequality was introduced in [2] and extended to
further cases in [1, 3]. Global-in-time existence of weak solutions for various types of system (1) are provided.
Our contribution includes cases where the mechanical forces are assumed to be in a quasi-static equilibrium
(λ = 0) and cases where inertia terms are taken into account (λ > 0).

References
[1] C. Heinemann, C. Kraus. Existence of weak solutions for a PDE system describing phase separation and

damage processes including inertial effects. Discrete Contin. Dyn. Syst. Ser. A (to appear)

[2] C. Heinemann, C. Kraus. Existence of weak solutions for Cahn-Hilliard systems coupled with elasticity and
damage. Adv. Math. Sci. Appl. 21 (2011), 321–359.

[3] C. Heinemann, E. Rocca. Damage processes in thermoviscoelastic materials with damage-dependent thermal
expansion coefficients. Math. Methods Appl. Sci. (to appear)

YRMS2 Monday, March 23 17:00-17:30 (Leandro 3 Room) Heinemann

GAMM 2015 6



Phase field modeling of ferroelectric materials with defects

Bai-Xiang Xu, Yinan Zuo, Yangbin Ma
Division Mechanics of Functional Materials, Institute of Materials Science, TU Darmstadt,

Alarich-Weiss-Strasse 2, Darmstadt, 64287, Germany

The phase field method is known as a powerful tool for the simulation of microstructure evolution in various
materials, as it was revealed in the review article [1]. Recently it has become also successful for the study
of polarization switching in ferroelectric materials, e.g. [2, 3]. Piezoelectrics/ferroelectrics are widely used
materials for sensor and actuator applications, and are known to suffer from aging and fatigue. The degradation
mechanism is closely related to defects in the materials. Therefore, it is of importance to study the domain
structure in the presence of defects. In this work the phase field approach is applied to study the influence of
defects on the domain structures in ferroelectrics.

By a continuum phase field model implemented with the finite element method various effects of the defects in
ferroelectrics, such as space charge contribution and defect dipole, are taken into account [4, 5]. The evolution
of the phase field variables is governed by the Ginzburg-Landau type evolution equation. The space charge
contribution of defects are considered by formulating a volume charge density according to the semiconducting
theory, while the defect dipole was treated through a static eigen-polarization. Energetically unfavorable head-
to-head domain structures can be stabilized by space charges induced by defects.

In addition, the abnormal behavior of relaxor ferroelectrics is simulated by applying the phase field potential
to Lattice-based Monte Carlo simulations. Results show that random local electric fields can be used to explain
the characteristic behavior of relaxor ferroelectrics, such as the double loop dielectric hysteresis and diffusive
phase transitions.

References
[1] I. Steinbach, Phase-field models in materials science. Modelling Simul. Mater. Sci. Eng. 17 (2009) 073001.

[2] L.Q. Chen, Phase-field method of phase transitions/domain structures in ferroelectric thin films: a review
J. Am. Ceram. Soc. 91 (2008) 1835–1844.

[3] W. Zhang and K. Bhattacharya, Acta Mater. 53, 185 (2005).

[4] Y. Zuo, Y.A. Genenko, B.X. Xu, Charge compensation of head-to-head and tail-to-tail domain walls in
barium titanate and its influence on conductivity. J. Appl. Phys. 116 (2014) 044109

[5] Y. Zuo, Y.A. Genenko, A. Klein, P. Stein, B.X. Xu, Domain wall stability in ferroelectrics with space charges.
J. Appl. Phys. 115 (2014) 084110.
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Simulation of Atomic Force Microscopy for investigating BaTiO3

and LiMn2O4 nanostructures based on Phase Field Approach

Huy Thai1, Marc-André Keip2, Jörg Schröder1,
Hugues-Yanis Amanieu3 and Daniele Rosato3

1 Institute of Mechanics, Department of Civil Engineering, University of Duisburg-Essen
2 Institute of Applied Mechanics (CE), Chair I, University of Stuttgart

3 Applied Research 1, Advanced Functional and Sintered Materials,
Material Characterization and Component Design (CR/ARM1), Robert Bosch GmbH

Atomic force microscopy (AFM) probes the surface features of specimens using an extremely sharp tip
scanning the sample surface, AFM is widely used for investigating the electrically non-conductive materials
by applying an electric potential on the tip [1]. Piezoresponse Force Microscopy (PFM) and Electrochemical
Strain Microscopy (ESM) are variants of AFM for different materials. Both PFM and ESM signals are obtained
by observing the displacement of the tip when applying electric fields during the scanning process. The PFM
technique is based on converse piezoelectric effect of ferroelectrics [2] and the ESM technique is based on
electrochemical coupling in solid ionic conductors [3]. In this talk, two continuum-mechanical formulations for
simulation of PFM and ESM are discussed.

In the first model, for PFM simulation, a phase field approach based on the Allen-Cahn equation for non-
conserved order parameters is employed for ferroelectrics [4]. Here, the polarization vector is chosen as order
parameter. Since ferroelectrics have highly anisotropic properties, this model accounts for transversely isotropic
symmetry using an invariant formulation. The polarization switching behavior under the applicant of the electric
field will be discussed with some numerical examples.

In the simulation of ESM, we employ a constitutive model based on the work of Bohn et. al. [5] for the
modeling Lithium manganese dioxide LiMn2O4 (LMO). The model is similar to phase field approach based on
Cahn-Hilliard equation where the concentration of Lithium is order parameter. It simulates the deformation of
the LMO particle according to the applying voltage and the evolution of Lithium concentration after removing
an DC pulse. The modeling results are compared to experimental data of ESM.

References
[1] S. V. Kalinin and A. Gruverman. Scanning probe microscopy of functional materials. Nanoscale imaging

and spectroscopy. Springer (2010).

[2] E. Soergel. Piezoresponse force microscopy (PFM). J. Phys. D: Appl. Phys. 44 (2011), 464003.

[3] A. Morozovska, E. Eliseev, N. Balke, and S.V. Kalinin. Local probing of ionic diffusion by electrochemical
strain microscopy: spatial resolution and signal formation mechanisms. J. Appl. Phys. 108 (2010), 053712.

[4] D. Schrade, R. Müller, D. Gross, M.-A. Keip, H. Thai, and J. Schröder. An invariant formulation for phase
field models in ferroelectrics. Int. J. Solids. Struct. 51(11–12) (2014), 2144–2156.

[5] E. Bohn, T. Eckl, M. Kamlah and R. McMeeking. A model for lithium diffusion and stress generation in an
intercalation storage particle with phase change. J. Electrochem. Soc. 160(10) (2013), A1638–A1652.
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